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LIE NILPOTENCY INDEX OF A MODULAR GROUP ALGEBRA
MEENA SAHAI AND BHAGWAT SHARAN
Abstract. In this paper, we classify the modular group algebraKG of a group G
over a field K of characteristic p > 0 having upper Lie nilpotency index tL(KG) =
|G′| − k(p − 1) + 1 for k = 14 and 15. Group algebras of upper Lie nilpotency
index |G′| − k(p− 1) + 1 for k ≤ 13, have already been characterized completely.
1. Introduction and Preliminaries
Let G be a group, not necessarily finite, and let KG be its group algebra over a
field K of characteristic p > 0. Let KG[n] and KG(n) denote the nth Lie power and
upper Lie power of KG, respectively. The lower and the upper Lie nilpotency in-
dices of KG are tL(KG) = min{n : KG
[n] = 0} and tL(KG) = min{n : KG(n) = 0},
respectively. In [8, pp. 46, 48], for every m ≥ 1, the mth Lie dimension subgroup
of G over K is defined as
D(m),K(G) = G ∩ (1 +KG
(m)) = Π
(i−1)pj≥m−1
γi (G)
pj .
If KG is Lie nilpotent such that |G′| = pn, then according to Jennings’ theory (see
[15]), the upper Lie nilpotency index tL(KG) = 2+ (p − 1)
∑
m≥1 md(m+1), where
pd(m) = |D(m),K(G) : D(m+1),K(G)| for every m ≥ 2. It is clear that
∑
m≥2 d(m) = n.
A detailed study of Lie nilpotent group algebras and their unit groups is given
in [4]. In [18], it is proved that if G is a nilpotent group with |G′| = pn, then
p + 1 ≤ tL(KG) ≤ t
L(KG) ≤ |G′| + 1. A complete description of Lie nilpotent
modular group algebras KG of upper Lie nilpotency index tL(KG) ≤ 9p − 7 is
given in [9, 10, 11, 12, 17]. On the other hand, group algebras with tL(KG) =
|G′|−k(p−1)+1 for k ≤ 13 are classified in [2, 3, 5, 6, 13, 14, 18]. In this paper, we
classify the group algebra KG with tL(KG) = |G′|−k(p−1)+1 for k = 14 and 15.
our terminology and notations are same as in [10]. Throughout this paper, S(n,m)
denotes the group number m of order n from the Small Groups Library-GAP [7].
We have freely used the following lemma in our work:
Lemma 1.1. [1, 16, 17] Let K be a field of characteristic p > 0 and let G be a
nilpotent group such that |G′| = pn and exp(G′) = pe.
(i) If d(m+1) = 0 and m is a power of p, then d(s+1) = 0 for all s ≥ m (i.e.
D(m+1),k(G) = 1).
(ii) If d(m+1) = 0 and p
e−1 divides m, then D(m+1),k(G) = 1.
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(iii) If p ≥ 5 and tL(KG) < p
n + 1, then tL(KG) = t
L(KG) ≤ pn−1 + 2p− 1.
(iv) If d(l+1) = 0 for some l < pm, then d(pm+ 1) ≤ d(m+1).
(v) If d(m+1) = 0, then d(s+1) = 0 for all s ≥ m with υp′(s) ≥ υp′(m), where
υp′(x) is the maximal divisor of x which is relatively prime to p.
2. Main Results
Lemma 2.1. Let G be a group and let K be a field of characteristic p > 0 such
that KG is Lie nilpotent. Then tL(KG) = |G′| − 14p + 15 if and only if p = 2,
d(2) = d(5) = d(9) = 1, d(3) = 2.
Proof. Let tL(KG) = |G′| − 14p + 15 and let |G′| = pn. If n = 1, then G′ is cyclic
and hence by [5, Theorem 1], tL(KG) = |G′|+ 1. If p = 2, then tL(KG) = 2n − 13
and so we must have n ≥ 4. Now if n = 4, then 3 = tL(KG) ≥ 6. Let n = 5. So
tL(KG) = 19,
17∑
m=1
md(m+1) = 17 and d(k) = 0 for all k ≥ 19. Also
∑
m≥2
d(m) = 5
and d(2) 6= 0. If d(3) = 0, then D(3),K(G) = 1 and d(2) = 17, which is not possible.
Similarly if d(5) = 0, then D(5),K(G) = 1 and d(2)+2d(3)+3d(4) = 17. Since d(3) 6= 0,
so d(4) ≤ 3 and d(2) + 2d(3) + 3d(4) < 17. If d(9) = 0, then D(9),K(G) = 1 and
7∑
m=1
md(m+1) = 17. Now it is easy to see that d(2), d(3), d(5) /∈ {3, 4, 5}. If d(5) = 2,
then the only possible solution is d(2) = d(3) = d(7) = 1. But then υ2′(6) = 3 = υ2′(3),
which yields d(7) = 0, by Lemma 1.1. Let d(5) = 1. Then the possible solutions are
d(2) = d(3) = 1, d(6) = 2 and d(2) = d(3) = d(4) = d(8) = 1. Again these cases are
not possible by Lemma 1.1(v). Hence d(9) 6= 0 and we have d(2) = d(5) = d(9) = 1,
d(3) = 2.
Let p = 2 and n ≥ 6. We claim that d(2i+1) > 0 for 0 ≤ i ≤ n−2. Let, if possible,
there exist some 0 ≤ s ≤ n − 2 such that d(2s+1) = 0, then s 6= 0 and by Lemma
1.1, D(2s+1),K(G) = 1. Thus d(r) = 0 for all r ≥ 2
s+1. Moreover, if d(q+1) 6= 0, then
q < 2s. Therefore we get
tL(KG) = 2 +
s−1∑
i=0
2id(2i+1) +
∑
q 6=2i
qd(q+1)
= 2 +
s−1∑
i=0
2i +
s−1∑
i=0
2i(d(2i+1) − 1) +
∑
q 6=2i
qd(q+1)
< 2 +
s−1∑
i=0
2i +


s−1∑
i=0
(d(2i+1) − 1) +
∑
q 6=2i
d(q+1)

 2s
= 1 + 2s + (n− s)2s
< 1 + 2n−2 + {n− (n− 2)} 2n−2
= 1 + 3.2n−2 < 2n − 13.
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which is a contradiction to the assumption that tL(KG) = 2n−13. Hence d(2i+1) > 0
for 0 ≤ i ≤ n− 2 and there exists α ≥ 2 such that d(α+1) = 1. Thus
2n − 13 = tL(KG) = 2 +
n−2∑
i=0
2i + αd(α+1)
= 1 + 2n−1 + α.
So α = 2n−1 − 14, d(2i+1) = d(2n−1−14)+1 = 1 and d(j) = 0 where 0 ≤ i ≤ n − 2,
j 6= 2i + 1, j 6= 2n−1 − 13 and j > 1. Let m = 2n−2 − 7 and l = α = 2n−1 − 14.
Since n ≥ 6, υ2′(l) = υ2′(m) and d(m+1) = 0, so by Lemma 1.1(v), d(α+1) = 0, a
contradiction.
Let p = 3. Then tL(KG) = 3n − 27. So we must have n ≥ 4. If there exists some
0 ≤ s ≤ n− 2 such that d(3s+1) = 0, then
tL(KG) = 2 + 2
s−1∑
i=0
3id(3i+1) + 2
∑
q 6=3i
qd(q+1)
= 1 + 5.3n−2 < 3n − 27.
Thus d(3i+1) > 0 for 0 ≤ i ≤ n − 2 and hence d(α+1) = 1 for α = 3
n−1 − 14. For
n = 4, υ3′(α) = 13 ≥ υ3′(4) and so d(α+1) = 0 by Lemma 1.1(v). For n ≥ 5, since
exp(G′) ≤ 3n−1, and since d(2.3n−2+1) = 0, so by Lemma 1.1(ii), D(2.3n−2+1),K(G) = 1.
But then d(r) = 0 for all r ≥ 2.3
n−2 + 1 and so d(3n−1−13)=0.
If p ∈ {5, 7, 11, 13}, then by Lemma 1.1(iii), n ≤ 2 and so tL(KG) < 0. If p ≥ 17,
then n = 1, by Lemma 1.1(iii). 
Theorem 2.1. Let K be a field of characteristic p > 0 and let G be a nilpotent
group such that |G′| = pn. Then tL(KG) = |G′| − 14p+ 15 if and only if one of the
following conditions holds:
(i) G′ ∼= C16 × C2, G
′2 ⊆ γ3(G) ∼= C8 × C2 and γ4(G) ⊆ γ3(G)
2;
(ii) (a) G′ ∼= C16×C2, γ3(G) ∼= C8 and γ4(G) ⊆ G
′4 = γ3(G)
2 = G′2∩γ3(G) ∼=
C4;
(b) G′ ∼= C16×C2, γ3(G) ∼= C4×C2, G
′2∩γ3(G) ∼= C4 and γ4(G), γ3(G)
2 ⊆
G′4;
(iii) G′ ∼= C16 × C2, |γ3(G)| = 4, |G
′2 ∩ γ3(G)| = 2 and γ4(G), γ3(G)
2 ⊆ G′4;
(iv) G′ ∼= C16 × C2, γ3(G) ∼= C2 and G
′2 ∩ γ3(G) = 1;
(v) G′ ∼= C8 × C4, G
′2 ⊆ γ3(G) ∼= C8 × C2 and γ4(G) ⊆ γ3(G)
2;
(vi) G′ ∼= C8 × C4, γ3(G) ∼= C8, |G
′2 ∩ γ3(G)| = 2 and γ4(G), G
′4 ⊆ γ3(G)
2;
(vii) G′ ∼= C8 × C2 × C2, G
′2 ⊆ γ3(G) ∼= C8 × C2 and γ4(G) ⊆ γ3(G)
2;
(viii) G′ ∼= C8×C2×C2, γ3(G) ∼= C8, |G
′2∩γ3(G)| = 2 and γ4(G), G
′4 ⊆ γ3(G)
2;
(ix) G′ ∼= S(32, 4) or S(32, 5) or S(32, 12), G′2 ⊆ γ3(G) ∼= C8 × C2, γ4(G) =
γ3(G)
2 and γ5(G) ∼= C2;
(x) G′ ∼= S(32, 4), γ3(G) ∼= C8, G
′4 ⊆ G′2 ∩ γ3(G) = γ4(G) = γ3(G)
2 and
γ5(G) ∼= C2;
(xi) G′ ∼= S(32, 37) and G′2 ⊆ γ3(G) ∼= C8 × C2, γ4(G) = γ3(G)
2, γ5(G) ∼= C2;
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(xii) G′ ∼= S(32, 17), γ5(G) ∼= C2 and G
′2 ⊆ γ3(G) ∼= C8 × C2, γ4(G) = γ3(G)
2
or γ3(G) ∼= C8, G
′2 ∩ γ3(G) = γ4(G) = γ3(G)
2 = G′4 or γ3(G) ∼= C4 × C2,
γ3(G)
2 ⊆ G′2 ∩ γ3(G) = γ4(G) = G
′4 ∼= C4;
(xiii) G′ ∼= S(32, 38), G′2 ⊆ γ3(G) ∼= C8 × C2, γ4(G) = γ3(G)
2 and γ5(G) ∼= C2.
Proof. Let tL(KG) = |G′| − 14p + 15. Then by Lemma 2.1, p = 2 and d(2) =
d(5) = d(9) = 1, d(3) = 2. Therefore |G
′| = 25, |D(3),K(G)| = 2
4, |D(4),K(G)| =
|D(5),K(G)| = 2
2, |D(6),K(G)| = |D(7),K(G)| = |D(8),K(G)| = |D(9),K(G)| = 2 and
D(10),K(G) = 1. Since |D(4),K(G)| = 4, so |γ4(G)| ≤ 4 and γ6(G) = 1. Thus G
′ is
nilpotent of class at most 2, γ3(G) is abelian and γ4(G) ⊆ ζ(G
′). Also |γ5(G)| ≤ 2,
so γ4(G)
2 ⊆ γ3(G)
4G′8 ∼= C2 and G
′4 6= 1. Hence exponent of γ3(G)
2G′4 is not equal
to 2 and γ4(G) ⊆ γ3(G)
2G′4 ∼= C4.
Let G′ be an abelian group. Then G′ ∼= C16 × C2 or C8 × C4 or C8 × C2 × C2.
If G′ ∼= C16 × C2, then G
′2 ⊆ γ3(G) ∼= C8 × C2, γ4(G) ⊆ γ3(G)
2 or γ3(G) ∼= C8,
γ4(G) ⊆ G
′4 = γ3(G)
2 = G′2 ∩ γ3(G) ∼= C4 or γ3(G) ∼= C4 × C2, G
′2 ∩ γ3(G) ∼= C4,
γ3(G)
2 ⊆ G′4, γ4(G) ⊆ G
′4 or |γ3(G)| = 4, G
′2 ∩ γ3(G) ∼= C2, γ3(G)
2 ⊆ G′4,
γ4(G) ⊆ G
′4 or |γ3(G)| = 2, G
′2 ∩ γ3(G) = 1. If G
′8 = 1, then γ3(G)
4 ∼= C2, so
|γ3(G)| = 8 or 16. Thus G
′2 ⊆ γ3(G) ∼= C8 × C2, γ4(G) ⊆ γ3(G)
2 or γ3(G) ∼= C8,
G′2 ∩ γ3(G) ∼= C2, G
′4 ⊆ γ3(G)
2, γ4(G) ⊆ γ3(G)
2.
Let G′ be a nonabelian group. If γ5(G) ∼= C2, then γ4(G) = γ3(G)
2G′4 ∼= C4.
Thus |ζ(G′)| = 4 or 8. If |ζ(G′)| = 4, then γ4(G) = ζ(G
′) ∼= C4 and we see from
Table 1 that cl(G′) = 3. Thus ζ(G′) ∼= C8 or C4 × C2. If ζ(G
′) ∼= C8, then from
Table 1, the possible choices for G′ are S(32, 17) or S(32, 38). If G′ ∼= S(32, 17), then
G′2 = ζ(G′) ∼= C8 and so G
′2 ⊆ γ3(G) ∼= C8 × C2, γ4(G) = γ3(G)
2 or γ3(G) ∼= C8,
G′2 ∩ γ3(G) = γ4(G) = G
′4 = γ3(G)
2 ∼= C4 or γ3(G) ∼= C4 × C2, G
′2 ∩ γ3(G) =
γ4(G) = G
′4 ∼= C4, γ3(G)
2 ⊆ G′4. If G′ ∼= S(32, 38), then G′2 ∼= C4 and so
G′2 ⊆ γ3(G) ∼= C8 × C2, γ4(G) = γ3(G)
2. If ζ(G′) ∼= C4 × C2, then the possible
choices for G′ are S(32, 4) or S(32, 5) or S(32, 12) or S(32, 37). If G′ ∼= S(32, 4)
or S(32, 5) or S(32, 12), then G′2 ∼= C4 × C2 so either G
′2 ⊆ γ3(G) ∼= C8 × C2,
γ4(G) = γ3(G)
2 or γ3(G) ∼= C8, γ4(G) = G
′2 ∩ γ3(G) ∼= C4, G
′4 ⊆ γ4(G) = γ3(G)
2.
But S(32, 5) or S(32, 12) do not contain a normal subgroup of the type C8. If
G′ ∼= S(32, 37), then G′2 ∼= C4 and so G
′2 ⊆ γ3(G) ∼= C8 × C2, γ4(G) = γ3(G)
2.
If γ5(G) = 1, then γ3(G) ⊆ ζ(G
′) and so |γ3(G)| 6= 16. Also G
′4 6= 1. Thus
|γ4(G)| ≥ 2 and |γ3(G)| = 4 or 8. If γ
4
3(G) = 1, then G
′8 ∼= C2. Therefore G
′ ∼=
S(32, 17). But then γ3(G) ⊆ ζ(G
′) = G′2 and |D(3),K(G)| = 8. So γ3(G) = ζ(G
′) ∼=
C8 and the possible choices for G
′ are S(32, 17) or S(32, 38). If G′ ∼= S(32, 17) or
S(32, 38) , then G′2 ⊆ ζ(G′) ∼= C8 and so |D(3),K(G)| 6= 16.
Conversely, if conditions (i) to (xiii) holds, then d(2) = d(5) = d(9) = 1, d(3) = 2. So
n = 5 and tL(KG) = 19 = |G′| − 14p+ 15.

Lemma 2.2. Let G be a group and let K be a field of characteristic p > 0 such that
KG Lie nilpotent. Then tL(KG) = |G′|−15p+16 if and only if one of the following
conditions holds :
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(i) p = 2, n = 5 and d(2) = d(3) = d(4) = d(5) = d(7) = 1;
(ii) p = 2, n = 5 and d(2) = 2, d(3) = d(5) = d(9) = 1;
(iii) p = 17, n = 2 and d(2) = d(3) = 1.
Proof. Let tL(KG) = |G′| − 15p + 16 and let |G′| = pn. As in Lemma 2.1, we can
not have n = 1. It is easy to see that if p = 2, then n ≥ 5, if p = 3, then n ≥ 4, if
p ∈ {5, 7, 11, 13}, then n ≥ 3 and if p ≥ 17, then n ≥ 2.
If p = 2 and n = 5, then we have
16∑
m=1
md(m+1) = 16 and d(k) = 0 for all k ≥ 17.
Also
∑
m≥2 d(m) = 5 and d(2), d(3), d(5) 6= 0. If d(9) = 0, then
7∑
m=1
md(m+1) = 16.
Clearly d(2), d(3), d(5) /∈ {3, 4, 5}. If d(5) = 2, then d(2) = d(3) = d(6) = 1. But then
2 = d(2.2+1) ≤ d(2+1) = 1 by Lemma 1.1(iv). So d(5) = 1, and either d(2) = d(8) = 1,
d(3) = 2 or d(2) = d(3) = d(4) = d(7) = 1. If d(2) = d(5) = d(8) = 1, d(3) = 2, then
υ2′(7) ≥ υ2′(5) and d(8) = 0 by Lemma 1.1(v), so this is not possible. Clearly, if
d(9) 6= 0, then d(2) = 2, d(3) = d(5) = d(9) = 1.
Let p = 2 and n ≥ 6, then proceeding in the same way as we have done in
Lemma 2.1, we obtain d(2i+1) = d(2n−1−15)+1 = 1 and d(j) = 0 where 0 ≤ i ≤ n− 2,
j 6= 2i+1, j 6= 2n−1−14 and j > 1. Let m = 2n−2+1 and l = 2n−1−15. Since n ≥ 6,
υ2′(l) ≥ υ2′(m) and by Lemma 1.1(v) we get d(2n−1−14) = 0, which is a contradiction.
If p = 3 and n ≥ 4, then similarly we get d(3i+1) = d(3n−1−15)+1 = 1 and d(j) = 0
where 0 ≤ i ≤ n − 2, j 6= 3i + 1, j 6= 3n−1 − 14 and j > 1. Let m = 3n−2 − 5 and
l = 3n−1 − 15. Since n ≥ 4, υ3′(l) = υ3′(m) and so d(l+1) = 0, a contradiction.
Let p ∈ {5, 7, 11, 13}. Then by Lemma 1.1(iii), n = 2 which is not possible. Also
if p = 17, then n = 2 and d(2) = d(3) = 1. We can not have p ≥ 19 by Lemma
1.1(iii). 
Lemma 2.3. Let K be a field with characteristic p = 2 and let G be a nilpotent
group such that |G′| = 2n. Then tL(KG) = 2n−14 if and only if one of the following
conditions holds:
(i) G′ ∼= C16 × C2, γ3(G) ⊆ G
′2 and γ4(G) ⊆ G
′4;
(ii) G′ ∼= C8 × C2 × C2, G
′2 ⊆ γ3(G) ∼= C8 and γ4(G) ⊆ γ3(G)
2;
(iii) (a) G′ ∼= S(32, 17) or S(32, 38), G′2 ⊆ γ3(G) ∼= C8, γ4(G) ⊆ γ3(G)
2 and
γ5(G) = 1;
(b) G′ ∼= S(32, 17) or S(32, 38), G′2 ⊆ γ3(G) ∼= C8, γ4(G) = γ3(G)
2 and
γ5(G) ∼= C2;
(iv) G′ ∼= S(32, 37), G′2 ⊆ γ3(G) ∼= C8, γ4(G) = γ3(G)
2 and γ5(G) ∼= C2;
(v) G′ ∼= S(32, 17), γ3(G) ⊆ G
′2 ∼= C8, γ3(G) ∼= C4;
(vi) G′ ∼= C8×C2×C2 or C4×C4×C2 or C4×C2×C2×C2, G
′2 ⊆ γ3(G) ∼= C4×
C2×C2, γ4(G) ∼= C4×C2 and γ6(G) ⊆ γ3(G)
2 = γ4(G)
2 ⊆ γ5(G) ∼= C2×C2;
(vii) G′ ∼= S(32, 5) or S(32, 24) or S(32, 25) or S(32, 37) or S(32, 48), G′2 ⊆
γ3(G) ∼= C4 × C2 × C2, γ4(G) ∼= C4 × C2, γ3(G)
2 ⊆ γ5(G) ∼= C2 × C2 and
γ6(G) = 1;
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(viii) G′ ∼= S(32, 28) to S(32, 30), G′2 ⊆ γ3(G) ∼= C4 ×C2 ×C2, γ4(G) ∼= C4 ×C2
and γ6(G) = γ3(G)
2 ⊆ γ5(G) ∼= C2 × C2;
(ix) G′ ∼= S(32, 2) or S(32, 5) or S(32, 22) to S(32, 25) or S(32, 37) or S(32, 46)
to S(32, 48), G′2 ⊆ γ3(G) ∼= C4 × C2 × C2, γ4(G) ∼= C4 × C2 and γ6(G) =
γ3(G)
2 ⊆ γ5(G) ∼= C2 × C2;
(x) G′ ∼= C8 × C2 × C2 or C4 × C4 × C2 or C4 × C2 × C2 × C2, G
′2 ⊆ γ3(G) ∼=
C4 × C2 × C2, γ4(G) ∼= C4 × C2, γ3(G)
2 ⊆ γ4(G), γ5(G) ∼= C2 and γ5(G) ∩
γ3(G)
2 = 1;
(xi) G′ ∼= S(32, 5) or S(32, 24), S(32, 25) or S(32, 37) or S(32, 48), G′2 ⊆
γ3(G) ∼= C4 × C2 × C2, γ4(G) ∼= C4 × C2, γ3(G)
2 ⊆ γ4(G), γ5(G) ∼= C2
and γ5(G) ∩ γ3(G)
2 = 1;
(xii) G′ ∼= C8 × C4 or C4 × C4 × C2, G
′2 ⊆ γ3(G) ∼= C4 × C4, γ5(G) ⊆ γ3(G)
2 ⊆
γ4(G) ∼= C4 × C2;
(xiii) G′ ∼= S(32, 4) or S(32, 12) or S(32, 24) to S(32, 26), G′2 ⊆ γ3(G) ∼= C4×C4,
γ4(G) ∼= C4 × C2, γ5(G) = γ3(G)
2 and γ6(G) = 1;
(xiv) G′ ∼= S(32, 4) or S(32, 12) or S(32, 24) to S(32, 26) or S(32, 31) to S(32, 35),
G′2 ⊆ γ3(G) ∼= C4×C4, γ4(G) ∼= C4×C2, γ5(G) = γ3(G)
2 and γ6(G) ∼= C2;
(xv) G′ ∼= S(32, 4) or S(32, 12) or S(32, 24) to S(32, 26), G′2 ⊆ γ3(G) ∼= C4×C4,
γ5(G) ⊆ γ3(G)
2 ⊆ γ4(G) ∼= C4 × C2 and γ5(G) ∼= C2;
(xvi) G′ ∼= C8 × C4 or C4 × C4 × C2, G
′2 ⊆ γ3(G) ∼= C4 × C4, γ4(G) ∼= C4,
|γ3(G)
2 ∩ γ4(G)| = 2 and γ5(G) ⊆ γ3(G)
2;
(xvii) G′ ∼= S(32, 4) or S(32, 12) or S(32, 24) to S(32, 26), G′2 ⊆ γ3(G) ∼= C4×C4,
γ4(G) ∼= C4, |γ3(G)
2 ∩ γ4(G)| = 2, γ5(G) ⊆ γ3(G)
2 and γ5(G) ∼= C2;
(xviii) G′ ∼= S(32, 4) or S(32, 5) or S(32, 12) or S(32, 17), γ3(G) ∼= C4 × C2,
|G′2 ∩ γ3(G)| = 4, γ4(G) ∼= C4, |γ3(G)
2G′4 ∩ γ4(G)| = 2, γ5(G) ∼= C2 and
γ5(G) ⊆ γ3(G)
2G′4 ∼= C2 × C2;
(xix) G′ ∼= C8 × C2 × C2 or C4 × C4 × C2, γ3(G) ∼= C4 × C2, |G
′2 ∩ γ3(G)| = 2,
γ4(G) ∼= C4, |γ3(G)
2G′4 ∩ γ4(G)| = 2 and γ5(G) ⊆ γ3(G)
2G′4 ∼= C2 × C2;
(xx) G′ ∼= S(32, 24) or S(32, 25) or S(32, 26) or S(32, 37) or S(32, 38), γ3(G) ∼=
C4×C2, |G
′2∩γ3(G)| = 2, γ4(G) ∼= C4, |γ3(G)
2G′4∩γ4(G)| = 2, γ5(G) ∼= C2
and γ5(G) ⊆ γ3(G)
2G′4 ∼= C2 × C2.
Proof. Let tL(KG) = 2n − 14, then by Lemma 2.2, we have either d(2) = d(3) =
d(4) = d(5) = d(7) = 1 or d(2) = 2, d(3) = d(5) = d(9) = 1. We consider these two cases
separately.
Case (I). d(2) = 2, d(3) = d(5) = d(9) = 1. Thus |G
′| = 25, |D(3),K(G)| = 2
3,
|D(4),K(G)| = |D(5),K(G)| = 2
2, D(6),K(G) = D(7),K(G) = D(8),K(G) = D(9),K(G) ∼=
C2 and D(10),K(G) = 1. Since |D(4),K(G)| = 4, so γ6(G) = 1 and nilpotency class
of G′ is at most 2. Also |γ5(G)
2γ3(G)
4G′8| = 2 leads to |γ3(G)
4G′8| = 2. Hence
G′4 6= 1, exp(γ3(G)
2G′4) = 4 and γ4(G) ⊆ γ3(G)
2G′4 ∼= C4. Let G
′ be an abelian
group. Then G′ ∼= C16 × C2 or C8 × C4 or C8 × C2 × C2. If G
′ ∼= C16 × C2, then
γ3(G) ⊆ G
′2 and γ4(G) ⊆ G
′4. If G′ ∼= C8 × C4, then again γ3(G) ⊆ G
′2. But
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then γ3(G)
4G′8 = G′8 = 1. If G′ ∼= C8 × C2 × C2, then |γ3(G)
4G′8| = 2 yields that
G′2 ⊆ γ3(G) ∼= C8 and γ4(G) ⊆ γ3(G)
2.
Let G′ be a nonabelian group. Then γ4(G) 6= 1. If |γ3(G)| = 8, then G
′2 ⊆
γ3(G) ∼= C8. Thus if γ5(G) = 1, then γ3(G) = ζ(G
′) and so possible choices for
G′ are S(32, 17) or S(32, 38). On the other hand, if |γ5(G)| = 2, then G
′4γ3(G)
2 =
γ4(G) ⊆ ζ(G
′) and hence ζ(G′) ∼= C4 or C4×C2 or C8. From Table 1, we see that we
can not have ζ(G′) ∼= C4. Thus the possible choices for G
′ are S(32, 4) or S(32, 5) or
S(32, 12) or S(32, 17) or S(32, 37) and S(32, 38). But if G′ ∼= S(32, 4) or S(32, 5) or
S(32, 12), then G′2 ∼= C4 × C2 whereas γ3(G) ∼= C8. If |γ3(G)| = 4, then G
′8 ∼= C2,
so exp(G′) = 16, G′ ∼= S(32, 17), γ3(G) ⊆ G
′2 = ζ(G′) ∼= C8 and γ4(G) ⊆ G
′4.
Case (II). d(2) = d(3) = d(4) = d(5) = d(7) = 1. Thus |G
′| = 25, |D(3),K(G)| = 2
4,
|D(4),K(G)| = 2
3, |D(5),K(G)| = 2
2, D(6),K(G) = D(7),K(G) ∼= C2 and D(8),K(G) =
γ8(G)γ5(G)
2γ3(G)
4G′8 = 1. Hence |γ5(G)| ≤ 4, γ6(G) ⊆ γ4(G)
2 ∼= C2, γ7(G) = 1
and |γ3(G)
2G′4| = 2 or 4.
(a) |γ3(G)
2G′4| = 2. Clearly γ4(G)
2 = γ3(G)
2 = γ3(G)
2G′4 ∼= C2.
If |γ5(G)| = 4, then γ3(G)
2G′4 ⊆ γ5(G) ∼= C2 × C2, γ4(G) ∼= C4 × C2 and
G′2 ⊆ γ3(G). Since γ7(G) = 1, we have γ4(G) ⊆ ζ(γ3(G)) and hence γ3(G) must be
abelian and isomorphic to C4×C2×C2. Thus if G
′ is abelian, then G′ ∼= C8×C2×C2
or C4×C4×C2 or C4×C2×C2×C2. Now let G
′ be nonabelian. If γ6(G) = 1, then
cl(G′) = 2 and γ4(G) = ζ(G
′) ∼= C4 × C2. So possible choices for G
′ are S(32, 4) or
S(32, 5) or S(32, 12) or S(32, 24) or S(32, 25) or S(32, 26) or S(32, 37) or S(32, 48).
Since S(32, 4) or S(32, 12) or S(32, 26) do not contain a normal subgroup of the type
C4 × C2 × C2, so these groups are not possible. Hence G
′ ∼= S(32, 5) or S(32, 24)
or S(32, 25) or S(32, 37) or S(32, 48). If γ6(G) ∼= C2, then γ5(G) ⊆ ζ(G
′). Thus
|ζ(G′)| = 4 or 8. If |ζ(G′)| = 4, then γ5(G) = ζ(G
′) ∼= C2 × C2 and hence possible
choices for G′ are S(32, 9) or S(32, 10) or S(32, 13) or S(32, 14) or S(32, 27) to
S(32, 35) or S(32, 39) to S(32, 41). But the groups S(32, 9) or S(32, 10) or S(32, 13)
or S(32, 14) or S(32, 27) or S(32, 31) to S(32, 35) or S(32, 39) to S(32, 41), do not
contain a normal subgroup of the type C4 × C2 × C2. Hence G
′ ∼= S(32, 28) to
S(32, 30). If |ζ(G′)| = 8, then either ζ(G′) ∼= C2 × C2 × C2 or C4 × C2. So possible
choices for G′ are S(32, 2) or S(32, 4) or S(32, 5) or S(32, 12) or S(32, 22) to S(32, 26)
or S(32, 37) or S(32, 46) to S(32, 48). But a normal subgroup of the type C4×C2×C2
is not possible in S(32, 4), S(32, 12) and S(32, 26). Hence G′ ∼= S(32, 2) or S(32, 5)
or S(32, 22) to S(32, 25) or S(32, 37) or S(32, 46) to S(32, 48).
If |γ5(G)| = 2,, then γ4(G) ⊆ ζ(G
′). Now if |γ4(G)| = 4, then |D(4),K(G)| = 8
leads to G′4γ3(G)
2 ∩ γ4(G) = 1, but γ4(G)
2 6= 1. So γ4(G) ∼= C4 × C2 and
G′2 ⊆ γ3(G) ∼= C4 × C2 × C2. If G
′ is abelian, then G′ ∼= C8 × C2 × C2 or
C4×C4×C2 or C4×C2×C2×C2. If G
′ is nonabelian, then γ4(G) = ζ(G
′) ∼= C4×C2.
Thus possible choices for G′ are S(32, 4) or S(32, 5) or S(32, 12) or S(32, 24) or
S(32, 25) or S(32, 26) or S(32, 37) or S(32, 48). Again we observe that G′ ≇ S(32, 4),
S(32, 12) and S(32, 26) as these groups do not contain a normal subgroup of the type
C4×C2×C2. Hence G
′ ∼= S(32, 5) or S(32, 24) or S(32, 25) or S(32, 37) or S(32, 48).
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(b) |γ3(G)
2G′4| = 4. Then γ5(G) ⊆ γ3(G)
2G′4 ∼= C2 × C2. Also γ5(G) ⊆ ζ(G
′)
and |γ4(G)| = 8 or 4. We consider these two cases separately :
(i) If |γ4(G)| = 8, then G
′2 ⊆ γ3(G) and γ3(G)
2G′4 ⊆ γ4(G) ∼= C4 × C2. Also
γ4(G) ⊆ ζ(γ3(G)), so γ3(G) is abelian. Since γ3(G)
2 = γ3(G)
2G′4 ∼= C2 × C2, so
γ3(G) ∼= C4×C4. Thus if G
′ is abelian, then G′ ∼= C8×C4 or C4×C4×C2. Let G
′
be nonabelian. If γ5(G) = 1, then γ3(G) ⊆ ζ(G
′) and G′ is abelian. So γ5(G) 6= 1.
If |γ5(G)| = 4, then γ5(G) = γ3(G)
2G′4 ∼= C2 × C2. Now if γ6(G) = 1, then
γ4(G) ⊆ ζ(G
′) and hence possible choices for G′ are S(32, 4) or S(32, 5) or S(32, 12)
or S(32, 24) to S(32, 26) or S(32, 37) or S(32, 48). But a normal subgroup of the type
C4×C4 is not available in S(32, 5), S(32, 37) and S(32, 48), so these groups are not
possible. Hence G′ ∼= S(32, 4) or S(32, 12) or S(32, 24) to S(32, 26). If γ6(G) 6= 1,
then C2 × C2 ⊆ ζ(G
′). So ζ(G′) ∼= C2 × C2 or C4 × C2 or C2 × C2 × C2. Therefore
possible choices for G′ are S(32, 2) or S(32, 4) or S(32, 5) or S(32, 9) or S(32, 10) or
S(32, 12) or S(32, 13) or S(32, 14) or S(32, 22) to S(32, 35) or S(32, 37) or S(32, 39)
to S(32, 41) or S(32, 46) to S(32, 48). But the groups S(32, 2), S(32, 5), S(32, 9),
S(32, 10), S(32, 13), S(32, 14), S(32, 22), S(32, 23), S(32, 27)− S(32, 30), S(32, 37),
S(32, 39)−S(32, 41) and S(32, 46)−S(32, 48) do not have a normal subgroup of the
type C4×C4. Hence G
′ ∼= S(32, 4) or S(32, 12) or S(32, 24) to S(32, 26) or S(32, 31)
to S(32, 35).
If |γ5(G)| = 2, then γ4(G) = ζ(G
′) ∼= C4 × C2. So possible choices for G
′ are
S(32, 4) or S(32, 5) or S(32, 12) or S(32, 24) to S(32, 26) or S(32, 37) or S(32, 48).
But γ3(G) ∼= C4 × C4 is not possible in S(32, 5), S(32, 37), S(32, 38) and S(32, 48).
Hence G′ ∼= S(32, 4) or S(32, 12) or S(32, 24) or S(32, 25) or S(32, 26).
(ii) If |γ4(G)| = 4, then γ4(G) ∼= C4, |γ3(G)
2G′4 ∩ γ4(G)| = 2, γ4(G) ⊆ ζ(G
′) and
|γ3(G)| = 16 or 8.
If |γ3(G)| = 16, then G
′2 ⊆ γ3(G). Therefore γ3(G)
2 ∼= C2 × C2 and hence
γ3(G) ∼= C4 × C4. If G
′ is abelian, then G′ ∼= C8 × C4 or C4 × C4 × C2. If G
′ is
nonabelian, then γ5(G) ∼= C2, cl(G
′) = 2 and ζ(G′) ∼= C4 or C8 or C4 × C2. So
possible choices for G′ are S(32, 4) or S(32, 5) or S(32, 12) or S(32, 24) or S(32, 25)
or S(32, 26) or S(32, 37) or S(32, 38) or S(32, 48). Since a normal subgroup of the
type C4×C4 is not available in S(32, 5), S(32, 37), S(32, 38) and S(32, 48), so these
groups are not possible. Hence G′ ∼= S(32, 4) or S(32, 12) or S(32, 24) or S(32, 25)
or S(32, 26).
Let |γ3(G)| = 8. Then γ3(G) ∼= C4 × C2. If |G
′2| = 2, then G′2 ∩ γ3(G) 6= 1, as
|γ3(G)
2G′4 ∩ γ4(G)| = 2. So |G
′2| = 8 or 4. If |G′2| = 8, then |G′2 ∩ γ3(G)| = 4.
Suppose that G′ is abelian. Then G′ ∼= C8 × C4. But then γ3(G) ⊆ G
′2, which is
not possible. So G′ is nonabelian. If γ5(G) = 1, then γ3(G) = ζ(G
′) ∼= C4 × C2.
So the possible choices for G′ are S(32, 4) or S(32, 5) or S(32, 12). But in all these
cases G′2 = ζ(G′) = γ3(G). If γ5(G) ∼= C2, then ζ(G
′) ∼= C4 or C8 or C4×C2. Hence
G′ ∼= S(32, 4) or S(32, 5) or S(32, 12) or S(32, 17). If |G′2| = 4, then |G′2∩ γ3(G)| =
2. Suppose that G′ is abelian. Then G′ ∼= C8×C2 ×C2 or C4×C4×C2. Let G
′ be
nonabelian. If γ5(G) = 1, then γ3(G) = ζ(G
′) ∼= C4 × C2. So the possible choices
for G′ are S(32, 24) or S(32, 25) or S(32, 26) or S(32, 37). But in all these cases
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G′2 ⊆ ζ(G′) = γ3(G). If γ5(G) ∼= C2, then ζ(G
′) ∼= C4 or C8 or C4 × C2. Hence
G′ ∼= S(32, 24) or S(32, 25) or S(32, 26) or S(32, 37) or S(32, 38).
Conversely, if conditions (i) to (v) hold, then d(2) = 2, d(3) = d(5) = d(9) = 1 and
for the remaining conditions d(2) = d(3) = d(4) = d(5) = d(7) = 1. Thus n = 5 and
tL(KG) = 18 = 2n − 14.

Lemma 2.4. Let K be a field of characteristic p = 17 and let G be a nilpotent group
such that |G′| = 17n. Then tL(KG) = 17n − 239 if and only if G′ ∼= C17 × C17,
γ3(G) ∼= C17
Proof. Let tL(KG) = 17n − 239, then by Lemma 2.2, d(2) = d(3) = 1. Thus |G
′| =
172, |D(3),K(G)| = 17 . So t
L(KG) = 50 = 3p − 1. Rest follows by [9, Theorem
3.5]. 
Theorem 2.2. Let K be a field of characteristic p > 0 and let G be a nilpotent
group such that |G′| = pn. Then tL(KG) = |G′| − 15p+ 16 if and only if one of the
following conditions holds:
(i) p = 2 and G′ is a group of one of the types in Lemma 2.3;
(ii) p = 17, G′ ∼= C17 × C17, γ3(G) ∼= C17
Proof. Lemma 2.3 and Lemma 2.4 together imply the complete proof of the Theo-
rem.

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